Recently, the problem of discriminating multipartite unitary operations by local operations and classical communication (LOCC) has attracted significant attention. The latest work in the literature on this problem showed that two multipartite unitary operations can always be perfectly distinguished by LOCC when a finite number of runs are allowable. However, in these schemes, local entanglement (an entangled state holden by one party) was required, which seems to imply that local entanglement is necessary for perfect discrimination between unitary operations by LOCC. In this article, we show that a perfect discrimination between two unitary operations acting on a twoqudits can always be achieved without exploiting any entanglement. As a result, we conclude that local entanglement is not necessary for perfect discrimination between unitary operations acting on two-qudits by LOCC. Introduction-The quantum nonorthogonality and entanglement are at the heart of quantum information. The former has close relation with the distinguishability of quantum states, which has been extensively studied by [1, 2] and others, and a recent review on this is referred to [3] . On the other hand, quantum entanglement, playing a fundamental role in quantum computation and information, is closely relative to the quantum nonlocality. Recently, Bennett et al [4] found a surprising phenomenon-"quantum nonlocality without entanglement", which exhibits a set of orthogonal bipartite pure product states that can not be perfectly distinguished by only local operations and classical communication (LOCC). Then, inspired by the seminal idea [4], many works have been devoted to the link between quantum distinguishability and quantum nonlocality, and some related problems. Specially, Walgate et al [5] showed that any two orthogonal entangled states can be perfectly distinguished by LOCC, which implies that some nonlocality can be recovered by only local operations.
Introduction-
The quantum nonorthogonality and entanglement are at the heart of quantum information. The former has close relation with the distinguishability of quantum states, which has been extensively studied by [1, 2] and others, and a recent review on this is referred to [3] . On the other hand, quantum entanglement, playing a fundamental role in quantum computation and information, is closely relative to the quantum nonlocality. Recently, Bennett et al [4] found a surprising phenomenon-"quantum nonlocality without entanglement", which exhibits a set of orthogonal bipartite pure product states that can not be perfectly distinguished by only local operations and classical communication (LOCC). Then, inspired by the seminal idea [4] , many works have been devoted to the link between quantum distinguishability and quantum nonlocality, and some related problems. Specially, Walgate et al [5] showed that any two orthogonal entangled states can be perfectly distinguished by LOCC, which implies that some nonlocality can be recovered by only local operations.
The similar problems can also be considered for quantum operations. Thus, the discrimination of quantum operations has attracted many authors (for example, [6, 7, 8, 9, 10, 11, 12, 13] ). In this article, we focus on the discrimination of unitary operations [8, 9, 10, 11, 12, 13] . Two unitary operations U and V are said to be perfectly distinguishable, if there exists an input state |ψ such that U |ψ ⊥ V |ψ . The already known works on this problem can be divided into two lines, and we will briefly recall them below.
The first line is the works by [8, 9, 10, 11] , where the unitary operations to be discriminated are under the complete control of a single party who can perform any physically allowed operations to achieve an optimal dis-crimination. Firstly, Refs. [9, 10] showed that two unitary operations U and V can be perfectly discriminated with only single run allowed if, and only if Θ(U † V ) ≥ π, where Θ(U ) denotes the length of the smallest arc containing all the eigenvalues of U on the unit circle. However, the situation changes dramatically when a finite number of runs are allowed. Specifically, Refs. [9, 10] showed that for any two different unitary operations U and V , there exists a finite number N such that U ⊗N and V ⊗N can be perfectly discriminated. Intuitively, such a discriminating scheme is called a parallel scheme. It is worth pointing out that in the parallel scheme, an N -partite entangled state is necessary and plays a key role. Latterly, this result was further refined in [11] by showing that the entangled input is not necessary. Specially, [11] showed that for any two different unitary operations U and V , there exist input state |ϕ and auxiliary operations X 1 , . . . , X N such that U X N U . . . X 1 U |ϕ ⊥ V X N V . . . X 1 V |ϕ . Generally speaking, we call such a discriminating scheme as a sequential scheme.
The second line is the recent works [12, 13] , where the unitary operations to be discriminated are shared by several spatially separated parties. Thus, a reasonable constraint on the discrimination is that each party can only make local operations and classical communication (LOCC). Clearly, the problem becomes more complicated in this case. Amazedly, Refs. [12, 13] independently showed that if a finite number of runs are allowed, then any two different unitary operations can be perfectly discriminated by LOCC. Refs. [12, 13] used different methods to achieve the same finding. For instance, [12] was mainly based on the analysis of numerical range [14] , while [13] mainly made use of the result on the university of quantum gate [15] . Although the methods used in [12, 13] are different, the main idea of them is similar and can be summarily described as follows:
(i) For two bipartite unitary operations U and V shared by Alice and Bob, which satisfy some special condition, it is showed that there exists a finite number N such that U ⊗N and V ⊗N can be discriminated by such a product state |ϕ A |ψ B where |ϕ A and |ψ B are two N-partite states holden by Alice and Bob, respectively, and one of which must be an N-partite entangled state. In this article, we call such an entangled state holden by one party as local entanglement.
(ii) For any two general bipartite unitary operation U and V to be discriminated, we construct two quantum circuits f (X) = Xw 1 X . . . w n X with X ∈ {U, V } by finding a suitable sequence of local unitary operations w 1 , . . . , w n where each w i has this form w i = u i ⊗v i , such that f (U ) and f (V ) satisfy the desired condition stated in step (i). Thus f (U ) and f (V ) can be discriminated as in step (i), which means that U and V can be perfectly discriminated by LOCC.
Also, we can use Fig. 1 to visualize the above idea. Then as we can see, we should generally combine the parallel scheme and the sequential scheme stated before to achieve a perfect discrimination between two bipartite unitary operations by LOCC. Intuitively, we call such a process as a mixed scheme. Again, it is worth pointing out that in the above process, one party must prepare local entanglement that is essentially an entangled state shared by several subsystems holden by one party, which seems to imply that local entanglement is necessary for perfect discrimination between unitary operations by LOCC.
Naturally, there is a question to be addressed: is the local entanglement indubitably necessary ? We think that this question is nontrivial in the sense of both practice and theory as follows. (a) Local entanglement is essentially an entangled state shared by several subsystems, which presents nonlocality among these subsystems, and, as a valuable physical resource, is generally difficult to prepare. Consequently, in practice it is of great importance to accomplish a given task without exploiting any entanglement as possible as we can. (b) Theoretically speaking, it is greatly significative to find out what kind of tasks can be achieved without exploiting any entanglement, since it was still argued that it may be the interference and the orthogonality but not the entanglement which are responsible for the power of quantum computing [16] . Besides the above question, another natural question is whether there exists a simpler protocol using merely the parallel scheme or the sequential scheme to achieve the perfect discrimination of two unitary operations by LOCC.
In this article, we will answer the two questions by showing that any two bipartite unitary operations acting on a d ⊗ d Hilbert space (i.e., two qudits; a qudit is a d-dimensional quantum system), allowed with a finite number of runs, in principle, can be locally distinguished with certainty by a sequential scheme without exploiting any entanglement. Then, we will obtain this statement: local entanglement is not necessary for perfect discrimination between unitary operations acting on two-qudits by LOCC, which is a stronger result than that in [11] -"entanglement is not necessary for perfect discrimination between unitary operations". Consequently, this will be a new instance of the kind of tasks which can be achieved without employing entanglement [11] .
Preliminaries-Here some useful results and notation are introduced. Since the problem of discriminating unitary operations by LOCC is generally transformed to the problem of discriminating quantum states by LOCC, we first recall a fundamental result by Walgate et al [5] as follows.
Lemma 1. Let |ϕ 1 and |ϕ 2 be two orthogonal multipartite pure states. Then |ϕ 1 and |ϕ 2 are perfectly distinguishable by LOCC.
Note that we say unitary operations U and V are different if U = e iθ V for any real θ, and for simplicity, we always denote that by U = V . Next we recall another useful result regarding the distinguishability of unitary operations in [11] .
Lemma 2. Let U and V be two different unitary operations, and let N = ⌈ π Θ(U † V ) ⌉ − 1. Then there exist auxiliary unitary operations X 1 , . . . , X N and input state |ψ such that
The above scheme is the so-called sequential scheme for discriminating two unitary operations. Now let us have a further analysis on this scheme. Suppose that the two operations U AB and V AB to be discriminated are unitary operations acting on two qudits. Then, in terms of the proof of [11] , we can see that the auxiliary operations X i are generally global operations acting on the two qudits, and the input state |ϕ is generally an entangled state of the two qudits. Therefore, intuitively, this scheme will be not valid for discriminating two bipartite operations U AB and V AB if the two qudits are spatially separated, since then only local operations and classical communication are feasible. However, we may ask this question: for the bipartite operations U AB and V AB , do there exist some local unitary operations in the form
and a product input state |ϕ = |α A |β B such that Eq. (1) holds? Indeed, we can prove that such a scheme does exist, and thus, we can also address the two questions raised in the Introduction.
We now focus on the distinguishability of multipartite unitary operations by LOCC. For simplicity, we consider unitary operations acting on a two-qudits (as mentioned before, a qudit is a d-dimensional quantum system). Let H d denote the state space of a qudit system. Then the state space of a 2-qudit system is denoted by H = H d ⊗ H d . Sometimes, we will use d ⊗ d as an abbreviation for H. The sets of unitary operations acting on two qudits and on a single qudit are denoted by U(H), and U(H d ), respectively.
According to [15] , we call U ∈ U(H) to be primitive if it maps a separable state to another separable state, i.e., for any qudit states |x and |y , we can find qudit states |u and |v such that U |x |y = |u |v . Otherwise, it is imprimitive. For the primitive operations, we have this characterization [15] : U ∈ U(H) is primitive if and only if U = U A ⊗ U B or U = (U A ⊗ U B )P , where P is a swap operation, i.e., P |x |y = |y |x . For simplicity, we use S to denote the set of all 2-qudit unitary operations in the form U A ⊗ U B . With these notation, we introduce the following lemma.
Lemma 3. S together with an imprimitive operation Q can generate any unitary operation acting on a two-qudit system.
This lemma was proven in detail by [15] . Specifically, for an imprimitive operation Q, by constructing S ′ = QSQ −1 , and then by choosing a suitable sequence of S and S ′ , we can obtain any desired element in U(H). Note that the sequence of S and S ′ generally has this form (SS ′ ) n S. The main result-Now, we are in a position to deal with the problem of discriminating unitary operations by LOCC, which is formalized as follows:
Problem: For any two different operations U, V ∈ U(H) shared by Alice and Bob and allowed with a finite number of runs, can we find a product input state |ϕ A |ψ B ∈ H, and quantum circuits f (X) built upon some local operations and X ∈ {U, V }, such that
Before dealing with the problem, a useful observation should be pointed out. In our problem, a unitary operation U can be regarded as a black box with some input and output ports, irrespective of its inner complexity, and then, by exchanging the input and output ports of the whole setup, we can soon obtain the reverse transformation U † . Thus, as long as unitary operation U is available, U † is also available, and using U † can be taken as using U . This fact will be always used in the following discussion, and it will be useful in our proof. Now, we give our main result in the following. Theorem 1. Any two different unitary operations acting on a 2-qudit system, allowed with a finite number of runs, can always be locally perfectly discriminated by a sequential scheme without exploiting any entanglement.
Proof. We prove this theorem by dealing with the above problem in the following three cases:
Case (i): U and V are all primitive. Then it suffices to consider the following three subcases:
Without lose of generality, assume that U A = V A . Then we can simply discriminate U and V by discriminating U A and V A . From Lemma 2, it is easy to see that there exist X 1 , . . . , X N ∈ U(H d ) and |ψ A ∈ H d such that
Therefore, U and V can be discriminated by LOCC.
Case (i-b): U = U A ⊗ U B and V = (V A ⊗ V B )P . Let |ϕ |φ ∈ H. Then we have
It is readily seen that we can let |φ = V † A U A |ϕ ⊥ where |ϕ ⊥ denotes a state orthogonal to |ϕ , such that r|r ′ = 0. Therefore, U and V can be discriminated by LOCC.
Case (i-c):
where X 1 and X 2 are two fixed elements in U(H d ). Then for any product state |ϕ |φ ∈ H, by straight calculation, we have
Thus, by the linearity of unitary operations, we obtain that:
Since U A = V A , we have U † A V A = I (up to any phase factor). Thus there exists suitable X 2 such that
A . Therefore, by the discussion in subcase (i-a), we can discriminate f (U ) and f (V ) and thus discriminate U and V by LOCC.
Case (ii): One of U and V is primitive. Without loss of generality, assume that V is primitive. Then we discuss that by the following two subcases:
Case (ii-a): V = V A ⊗ V B and U is imprimitive. In terms of Lemma 3, we can construct a quantum circuit f (X) ∈ (SS ′ ) n S where S ′ = XSX −1 , such that
where U In the following, we can see that f (U ) and f (V ) can be discriminated by LOCC. Primarily, we have a lemma as follows.
Lemma 4. For the controlled unitary transforma-
Then for any |ϕ B ∈ H d , and
The proof of this lemma is easy, and we visualize it in Fig 2. With this lemma, we can now discriminate f (U ) and f (V ) by discriminating U ′ B and V ′ B as follows. According to Lemma 2, there exist |ϕ B ∈ H d , and
Thus, by Lemma 4, we have
Therefore, f (U ) and f (V ) can be discriminated by LOCC, i.e., U and V can be discriminated by LOCC.
Case (ii-b): V = (V A ⊗ V B )P and U is imprimitive. This is similar to the subcase (ii-a) by noting that V SV −1 = S, and thus f (V ) ∈ S. Case (iii): Both U and V are imprimitive. The proof for this case is some more complicated than before, and we need a useful lemma in the following.
Lemma 5. For unitary operation U acting on d ⊗ d, U † = AU A † holds for any A ∈ U = {(σ z ⊕ I) ⊗ I, (σ y ⊕ I) ⊗ I, I ⊗ (σ z ⊕ I), I ⊗ (σ y ⊕ I)} if, and only if U has this form U = e ixu1⊗u2 for some real number x, where
and σ x , σ y and σ z are Pauli operators.
This result was also used by [13] , however, without giving a rigorous proof. In view of its nontrivial role in [13] and this article, we will give a detailed proof for it.
But for the continuity of the proof for Theorem 1, we just accept this result at the moment, and we will present its proof in a separate paragraph subsequently.
With Lemma 5, we can now prove Case (iii) as follows. Firstly, by Lemma 3 we can construct f (X) ∈ (SS ′ ) n S where S ′ = XSX −1 , such that f (U ) = e iu1⊗u2 with u 1 = u 2 = σ x ⊕ 0. It is easy to check that f (U ) is imprimitive. Now, if f (V ) is primitive, then by the discussion in Case (ii), we know that f (U ) and f (V ) can be discriminated by LOCC. Otherwise, based on Lemma 5, we have the following considerations:
Case (iii-a):
Then by Lemma 5, we have F (U ) = I and F (V ) = I for some A. Therefore, by the previous discussion, F (U ) and F (V ) can be discriminated by LOCC.
Case (iii-b): f (V ) = e ixu1⊗u2 . When x = 1, f (U ) and f (V ) are the same and imprimitive. Thus by Lemma 3, we can construct a quantum circuit h(.) such that h(f (U )) = U † , and then we have U h(f (U )) = I and V h(f (V )) = V U † . Therefore, they can be discriminated by LOCC from the previous discussion. When x = 1, discriminating f (U ) and f (V ) can be reduced to discriminating e iu1 and e ixu1 as follows. By inputting |ϕ A |α B where |α B is an eigenvector of u 2 corresponding with eigenvalue 1, it is easy to check that e ixu1⊗u2 |ϕ A |α B = (e ixu1 ⊗ I)|ϕ A |α B . Furthermore, we have
Therefore, with Lemma 2, by choosing suitable input state |ϕ A and auxiliary operations X i , we can make |r ⊥ |r ′ . Thus, f (U ) and f (V ) can be discriminated by LOCC.
From the above discussion, one can see that our basic idea in the proof can be summarized as follows: (i) construct a sequential circuit by Lemma 2 or Lemma 3; (ii) embed this circuit in another sequential circuit; (iii) repeat the above two steps finite times, obtaining the final circuit which is clearly sequential and can be used to discriminate U and V by LOCC. Also, it is easy to see that the above process does not employ any entanglement, based on the following two points: (a) the input state is a bipartite product state which does not present any entanglement; (b) one can find that in each case of the above proof, the output states corresponding to the two unitary operations to be discriminated, are two orthogonal product states which can be easily discriminated by local operations without involving any auxiliary system [17] . Thus, we have completed the proof of Theorem 1.
So far, we have considered the problem of discriminating two bipartite unitary operations acting on a twoqudits by LOCC. In particular, we obtain this result: local entanglement is not necessary for perfect discrimination between unitary operations acting on a two-qudits by LOCC. Now, we can generalize this result to the case of N unitary operations acting on two-qudits, by performing the above discriminating process N − 1 times as did in [9, 11] . Besides, there are some open problems worthy of further consideration. The first problem is how to deal with the case that the two subsystems A and B have different dimensions. (In Theorem 1, we have considered only the case that the two subsystems have equal dimension.) Another challenging problem is how to extend our result to the case of multipartite unitary operations.
Last but not least, it is the complexity of a discriminating scheme that we should consider. In the global scene [9, 10, 11] , it has been shown that N = ⌈ π Θ(U † V ) ⌉ is the optimal number of runs for a perfect discrimination between U and V , which implies that in the LOCC scene, the optimal number of runs N ′ satisfies N ′ ≥ N . In some special cases, we may have ′ is still unknown. We hope these problems will be addressed in the further study.
The proof of Lemma 5-Here we will give a detailed proof for Lemma 5. Firstly, we have the following fact. Proof of Lemma 5: Firstly, we verify the sufficiency. Suppose that U = e iB with B = xu 1 ⊗ u 2 . Note that σ z σ x σ † z = −σ x and σ y σ x σ † y = −σ x . Then we can easily check that B = −ABA † for any A ∈ U. Therefore, by Fact 1, we have U † = AU A † . Next, we verify the necessity. To do that, we first prove a fact as follows.
Fact 2. For Hermitian operator B on a d-dimensional Hilbert space, if B = −ABA † holds for any A ∈ {σ z ⊕ I, σ y ⊕ I}, then B necessarily has this form B = cσ x ⊕ 0 for some real number c.
Proof. We assume that A = σ z ⊕ I. Then all the eigenvalues and eigenvectors of A are listed as follows
By this basis {|0 , |1 , . . . , |d − 1 }, B can be expressed in the outer product representation as follows
Then by B = −ABA † , we can get that B has the following form
At the same time, we have B = −A ′ BA ′ † for A ′ = σ y ⊕ I. Then substituting Eq. (2) into the right part of the
Comparing Eqs. (2) and (3) |m 1| ⊗ C m1 ).
At the same time, we have B = −A ′ BA ′ † with A ′ = (σ y ⊕ I) ⊗ I. Then similar to Eq. (3), we have B = (|1 0| ⊗ C 01 + |1 0| ⊗ C 10 )
Comparing Eqs. (7) and (8), we have C 10 = C 01 and C 1m = C m1 = 0 for m = 2, . . . , d − 1. Therefore, we have
where C 01 should be a Hermitian operator on a ddimensional Hilbert space, because of the Hermiticity of B.
On the other hand, we have B = −ABA † for A ∈ {I ⊗ (σ z ⊕ I), I ⊗ (σ y ⊕ I)}, which is equivalent to the following equation
for A ′ ∈ {σ z ⊕ I, σ y ⊕ I)}.
Then, by Fact 2, we have C 01 = cσ x ⊕ 0. Therefore, we end the proof of Lemma 5 by proving that B = xu 1 ⊗ u 2 for some real number x. Conclusion-In this article, we have considered the discrimination of two bipartite unitary operations by LOCC. Specifically, we have shown that two bipartite unitary operations acting on a 2-qudit system can always be locally distinguished by a sequential scheme without employing any entanglement, improving the latest work in [12, 13] , as well. As a result, we have obtained this statement: local entanglement is not necessary for discriminating unitary operations acting on a 2-qudit system by LOCC, which is a stronger outcome than that in [11] . Lastly, we have proposed some open problems for further study: how to deal with the case of two subsystems having different dimensions, how to extend our result to multipartite unitary operations, and how to determine the optimal number of runs N .
